Abstract. Let p be any prime, and let α and n be nonnegative integers. Let r ∈ Z and f (x) ∈ Z[x]. We establish the congruence
Introduction
Let p be a prime, and let Q p and Z p denote the field of p-adic numbers and the ring of p-adic integers respectively. For ω ∈ Q p \ {0} we define its p-adic order by ord p (ω) = max{a ∈ Z : ω/p a ∈ Z p }; in addition, we set ord p (0) = +∞.
In 1913 A. Fleck proved that for any n ∈ Z + = {1, 2, 3, . . . } and r ∈ Z we have the congruence (where ⌊·⌋ is the greatest integer function, and we regard x k = 0 for k = −1, −2, −3, . . . ), that is, ord p k≡r (mod p)
In 1977, C. S. Weisman [W] showed further that if α, n ∈ N = {0, 1, 2, . . . } and r ∈ Z then
where ϕ is the well-known Euler function. The reader may consult [S02] for other congruences arising from sums of the form k≡r (mod m)
In 2005, motivated by Fontaine's theory of (φ, γ)-modules, D. Wan got the following extension of Fleck's result in his lecture notes:
where l, n ∈ N and r ∈ {0, . . . , p − 1}. Soon after this, Z. W. Sun [S05] obtained a common generalization of Weisman's and Wan's extensions of Fleck's congruence by a combinatorial approach. In order to obtain a strong lower bound for homotopy exponents of the special unitary group SU(n) in algebraic topology, D. M. Davis and Z. W. Sun [DS] was led to show that if α, n ∈ N and r ∈ Z then for any
The last inequality is almost sharp when deg f ⌊n/p α ⌋, as shown in [DS] it implies a subtle divisibility property of Stirling numbers of the second kind.
Here is our main result in this paper. (For convenience, the degree of the zero polynomial is regarded as −∞.) Theorem 1.1. Let p be a prime and
Remark 1.1. We can add α − 1 − ord p (r) to the lower bound in the last inequality if n/p α−1 ∈ Z but r/p α−1 ∈ Z, and add
The reason will be given in Remark 3.1.
for every k = 0, . . . , l, and hence
x j where S(l, j) (0 j l) are Stirling numbers of the second kind), we can reformulate Theorem 1.1 as follows.
(1.2) Remark 1.2. This theorem has topological background. In the case p = α = r = 2 and f (x) = x l , it first arose as a conjecture of the second author in his study of algebraic topology.
Let [x n ]F (x) denote the coefficient of x n in the power series expansion of F (x). Theorem 1.1 also has the following equivalent form. Theorem 1.3. Let p be a prime, and let α, l, n, r ∈ N. Then, for any integer r > n − (l + 1)p α , we have
(1.3)
Proof. Let m = p α and r > n − (l + 1)p α . Observe that
If r < k n and k ≡ r (mod m), then 0 < (k − r)/m (n − r)/m < l + 1 and hence
where r ′ = r + m. Applying Theorem 1.1 or 1.2 we immediately get the inequality (1.3).
Here is another equivalent version of Theorem 1.1.
Theorem 1.4. Let p be a prime and α be a positive integer. Let f (x) ∈ Z p [x] have degree at most l ∈ N. Then, there is a sequence {a k } k∈N of p-adic integers such that for any n ∈ N we have
Proof. The binomial inversion formula (see, e.g., [GKP] ) states that n k=0
Thus the desired result has the following equivalent form:
There exists a sequence {a n } n∈N of p-adic integers such that for all n ∈ N we have
This is essentially what Theorem 1.1 says.
In the next section we shall give an application of Theorem 1.1 to Bernoulli polynomials. Section 3 is devoted to the proof of our main result.
Application of Theorem 1.1 to Bernoulli polynomials
Bernoulli numbers B 0 , B 1 , B 2 , . . . are rationals defined as follows:
B 0 = 1, and
The Bernoulli polynomial of degree n is given by
It is well known that B n (1 − x) = (−1) n B n (x) and ∆B n (x) = B n (x + 1) − B n (x) = nx n−1 . The reader is referred to [IR] and [S03] for some known congruences on Bernoulli polynomials. Theorem 2.1. Let p be a prime, and let α, m, n ∈ Z + , m < n and r ∈ Z. Then we have the congruence
where {c} denotes the fractional part of a real number c.
Proof. Observe that
It is well known that B m (x + y) = m l=0 B l (x)y m−l . Also, by a result of Euler (cf. [LW, 
since m < n. So we have
This, together with Theorem 1.1, yields that
Combining the above we obtain that
This proves the desired result.
Proof of the main result
In this section we prove the following equivalent version of Theorems 1.1-1.4.
Theorem 3.1. Let p be a prime, α, l, n ∈ N and r ∈ Z. Then
is a p-adic integer.
Lemma 3.1. Theorem 3.1 holds in the case α = 0.
Proof. Providing α = 0, we have
where we apply a known identity (cf. [GKP, (5.24) ]) in the last step. If l < n, then T l (n, r) = 0 ∈ Z p . When l n, we also have T l (n, r) ∈ Z p because ord p ((pn)!) = n + ord p (n!) l + ord p (l!).
For convenience, below we let p be a fixed prime and α be a positive integer.
Lemma 3.2. Let α, n ∈ Z + , l ∈ N and r ∈ Z. Then
If l > 0, then we also have
where
Proof. Let ζ be a primitive dth root of unity. Given 0 j n, we have
Also, 
